Appendix A

Appendix A: Derivation of Basic MM5 Equations

A.1 Derivation of Thermodynamic Equation

First Law of Thermodynamics

dQ = ¢, dT + pda = cpdT—adp (A
since from the gaslaw RAT = pda + adp and Ch—Cy = R. Temperature tendency there-
foreisgiven by

DT _ 1Dp,
%Dt =~ ppt (A2

A.2 Derivation of Pressure Tendency Equation

From Gas Law

1Dp _ 1Dp , 1DT

pDt _ pDt  TDt (A3
Continuity and Thermodynamics lead to
10p _ gy, Q, 100 »
p Dt c.T c.,pTDt
P p
“p
However, CppT = (R)p,so
10D(1_R) . vy, Q A5
p Dt Cc c.T
p p
C
Butl—B =Y = l,therefore
% % 7
Dp _ _ pv.y+1RQ A6
Dt YP T (A.6)

p

MM5 Tutorial A-1



Appendix A

A.3 Formsof the Vertical Momentum Equation

Dw , 10p
—+=2+g=D A7
Dt poz g W (A7)
Defining a0 = l
P 0
Dw op _
-— + + ,
Dt ocaz g =Dy (A.8)
Defining hydrostatic reference and perturbation, o0 = ag+a’', p = py+p’,
Dw ,(apo GJJ_)
=z, — + +Q = D A.9
ot T (G0t NG F o) 9 E (A.9)
B definit 9Py
y definition, Otoa = —g,s0
a Py Qp_+a8po_D (A.10)
Dt “ oz 00z 0z w '
which can be written as
Dw @3_
—-0— D A.ll
Dt 82 goco w (A.11)
This can be expanded as
Dw, op %~ %
- =D A.12
Dt oz g g W (A.12)
Interms of p, thisis
1_1
Dw, 1op’ P Po
+ = — =D A.l
Dt poz 91 w (A-13)
Po
whichis
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Dw , 1op’ | p' _
Dw_ lop | - D A.14
Dt poz gp W (A.14)

This can be expressed in terms of temperature and pressure perturbations for the buoyancy term
because

! T ’ !’
_& = &)_ = pi_l = &)(l—ﬂ = p_O(l_E (A15)
p p PTy P ATy P P Ty P
So
Dw, 1dp' _ p_O(I_P_’ - D (A.16)
Dt poz P\Ty, P w

A.4 Coordinate Transformation

Genera coordinate transformation (X, Y, Z) > (X, Y, G)

(a%()z_) (a%)c_@_)z()ca% (A.17)

—dPg _ _(p*6c + cdp*) ©

PoY
((%)Z ( ><) p* 8X 80 (A.18)

A.5 Derivation of o Relation

but 6z =

o = po_ptop - pO_ptop (A.19)

Psur ~ Ptop p*
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where ptop and Py, .+ arethevalues of Py at the top and surface and p* = Psurf— ptop .
- Do
= 2O A.20
S = Bi (A.20)
Therefore
D —
5=+ Dpto_(po ptZOF’)DDpt* (A.21)
P* (p*)
Expanding total derivatives noting that py = Pp(2) and p* = p*(X,y) and aso that P is
hydrostatic
%
c = — p—ng— g(u@ + va—) (A.22)
p* p*\  OX oy
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